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Introduction
Let K be a nonempty subset of a real normed linear space X and T : K → K be a mapping. Denote by F (T ) the set of fixed points of T , that is, F (T ) = {x ∈ K : Tx = x}. Throughout this work, we always assume that X is a real Banach space and F (T ) = ∅. Now let us recall some known definitions. Definition 1.1. A mapping T : K → K is said to be: (i) asymptotically nonexpansive if there exists a sequence {λ n } ⊂ [1, ∞) with lim n→∞ λ n = 1 such that T n x − T n y ≤ λ n x − y for all x, y ∈ K and n ∈ N; Observe that if we define a n := sup x,y∈K ( T n x − T n y − x − y ), σ n := max{0, a n }, then σ n → 0 as n → ∞ and (1.1) reduces to T n x − T n y ≤ x − y + σ n , for all x, y ∈ K , n ≥ 1.
In [1] , Goebel and Kirk proved that, if K is a nonempty closed convex bounded subset of a real uniformly convex Banach space X and T is an asymptotically nonexpansive self-mapping of K , then T has a fixed point in K . A class of mappings that are asymptotically nonexpansive in the intermediate sense was introduced by Bruck et al. [2] . The existence of fixed points of a mapping that is asymptotically nonexpansive in the intermediate sense was proved in [3] . Since then, some authors have proved weak and strong convergence theorems for iterative processes for nonexpansive semigroups, nonexpansive mappings, asymptotically nonexpansive mappings etc, in Banach spaces (see [1, [3] [4] [5] [6] ), which generalize, extend and improve the result of Goebel and Kirk in several ways.
To unify various definitions of classes of mappings associated with the class of asymptotically nonexpansive mappings and to prove a general convergence theorem applicable to all these classes of nonlinear mappings, in [7] the notion of a totally asymptotically nonexpansive mapping was introduced. Namely: Definition 1.2. Let K be a nonempty closed subset of a real normed linear space X . A mapping T : K → K is called totally asymptotically nonexpansive if there exist nonnegative real sequences {µ n }, {λ n } with µ n , λ n → 0 as n → ∞ and a strictly increasing continuous function φ :
One can see that if φ(ξ ) = ξ , then (1.2) reduces to T n x−T n y ≤ (1+µ n ) x−y +λ n , n ≥ 1. In addition, if λ n = 0 for all n ≥ 1, then totally asymptotically nonexpansive mappings coincide with asymptotically nonexpansive mappings. Similarly, one can show that totally asymptotically nonexpansive mappings generalize asymptotically nonexpansive mappings in the intermediate sense as well.
Alber et al. [7] studied methods of approximation of fixed points of totally asymptotically nonexpansive mappings. Chidume and Ofoedu [8, 9] introduced an iterative scheme for approximation of a common fixed point of a finite family of totally asymptotically nonexpansive mappings in Banach spaces.
On the other hand, in [10] an asymptotically I-nonexpansive mapping was introduced. Namely, let T : K → K , I : K → K be two mappings of a nonempty subset K of a real normed linear space X . Then T is said to be asymptotically I-nonexpansive if there exists a sequence {λ n } ⊂ [1, ∞) with lim n→∞ λ n = 1 such that T n x − T n y ≤ λ n I n x − I n y for all x, y ∈ K and n ≥ 1.
The weak and strong convergence theorems for iterative processes of I-nonexpansive mappings, asymptotically Inonexpansive mappings, etc, in Banach spaces have been studied (see for example [10] [11] [12] ).
In this work, we introduce a new type of concept which combines notions such as the totally asymptotically nonexpansive mapping and the asymptotically I-nonexpansive mapping.
: K → K be two mappings of a nonempty subset K of a real normed space X . T is said to be a totally asymptotically I-nonexpansive mapping if there exist nonnegative real sequences {µ n }, {λ n } with µ n , λ n → 0 as n → ∞ and a strictly increasing continuous function φ :
Note that if I = Id (Id is the identity mapping), then (1.3) reduces to (1.2). If φ(ξ ) = ξ , then one gets T n x − T n y ≤ (µ n + 1) I n x − I n y + λ n , which is a generalization of the asymptotically I-nonexpansive mapping.
Let K be a nonempty closed convex subset of a real Banach space X . Consider a totally asymptotically I-nonexpansive mapping T : K → K , where I : K → K is a totally asymptotically nonexpansive mapping. Then for two given sequences {α n }, {β n } in [0, 1] we shall consider the following iteration scheme:
In this work we prove the strong convergence of the explicit iterative process (1.4) to a common fixed point of T and I. All results presented here generalize and extend the corresponding ones of [7] [8] [9] 11 ] to a case of one mapping.
Auxiliary lemmas
The following lemmas play an important role in proving our main results.
Lemma 2.1 ([13]
). Let X be a uniformly convex Banach space and b, c be two constants with 0 < b < c < 1. Suppose that {t n } is a sequence in [b, c] and {x n }, {y n } are two sequences in X such that
Lemma 2.2 ([14]
). Let {a n }, {b n }, {c n } be three sequences of nonnegative real numbers with 
then the limit lim n→∞ a n exists.
Main results
In this section we shall prove our main results. To formulate them, we need some auxiliary lemmas. 
Proof. Since φ, ϕ :
respectively. By the hypothesis of the proposition we then get
for all ξ , ζ ≥ 0. Since T : K → K , I : K → K are a totally asymptotically I-nonexpansive mapping and a totally asymptotically nonexpansive mapping, respectively, then from (3.3) one finds
Using the last inequality, we similarly obtain
This completes the proof.
Lemma 3.2. Let the conditions of Lemma 3.1 be satisfied. Assume that F = F (T )∩F (I) = ∅ and
Then the sequence {x n } defined by (1.4) is bounded and for each p ∈ F = F (T ) ∩ F (I) the limit lim n→∞ x n − p exists.
Proof.
Since F = F (T ) ∩ F (I) = ∅, for any given p ∈ F , it follows from (1.4) and (3.2) that
By the same argument, again from (1.4), (3.1) we derive
Then from (3.4) one finds
2 implies the existence of the limit lim n→∞ a n . This yields the assertion. Now we are ready to formulate and prove a criterion on strong convergence of {x n } given by (1.4) . Proof. The necessity of condition (3.6) is obvious. Let us prove the sufficiency part of the theorem.
Note that continuity of T and I implies that the sets F (T ) and F (I) are closed. Hence F = F (T ) ∩ F (I) is a nonempty closed set.
For any given p ∈ F , we have (see (3.5))
and hence, one finds
Now applying Lemma 2.2 to (3.8) we obtain the existence of the limit lim n→∞ d(x n , F ). By condition (3.6), one gets
Let us prove that the sequence {x n } converges to a common fixed point of T and I. We first show that {x n } is a Cauchy sequence in X . In fact, as 1 + t ≤ exp(t) for all t > 0, from (3.7), we obtain Thus, for any positive integers m, n, iterating (3.10) and noting
Therefore,
Taking the infimum over p ∈ F in (3.11) one gets . Consequently, for all integers n > N 0 and m ≥ 1, from (3.12) we derive x n+m − x n < ε, which means that {x n } is a Cauchy sequence in X , and completeness of X yields the existence of x * ∈ X such that x n → x * strongly. Now we show that x * is a common fixed point of T and I. Suppose that x * ∈ F . Since F is closed subset of X , one has
However, for all p ∈ F , one gets
This implies that
Hence, x * is a common fixed point of T and I. This completes the proof. It follows from (1.4) that
as n → ∞. By means of On the other hand, from (3.2) one has x n − p ≤ x n − T n y n + T n y n − p ≤ x n − T n y n + (1 + µ n M * 1 )(1 +μ n M * 2 ) y n − p +μ n (1 + µ n M * 1 )ϕ(M 2 ) +λ n (1 + µ n M * 1 ) + µ n φ(M 1 ) + λ n which implies
The last inequality with (3.4) yields that x n − p − x n − T n y n ≤ (1 + µ n M * 1 )(1 +μ n M * 2 )(1 +μ n β n M *
2 ) x n − p + β n (1 + µ n M * 1 )(1 +μ n M * 2 )(μ n ϕ(M 2 ) +λ n ) + (1 + µ n M * 1 )(μ n ϕ(M 2 ) +λ n ) + µ n φ(M 1 ) + λ n . 
